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Let k be a global field of characteristic p. A finite group G is called k-admissible if 
there exists a division algebra finite dimensional and central over k which is a 
crossed product for G. Let G be a tinite group with normal Sylow p-subgroup P. If 
the factor group G/P is k-admissible, then G is k-admissible. A necessary condition 
is given for a group to be k-admissible: if a finite group G is k-admissible, then 
every Sylow I-subgroup of G for I #p is metacyclic with some additional restriction. 
Then it is proved that a metacyclic group G generated by x and y is k-admissible if 
some relation between x and y is satisfied. 3?Z 1986 Academic Press, Inc. 
0. INTR~DUOTI~N 
Let k be a global field. Following Schacher [S], a finite group G is called 
k-admissible if there exists a finite Galois extension L/k with Galois group 
isomorphic to G such that L is a maximal commutative subfield of some 
finite-dimensional central division algebra over k. 
The following criterion of Schacher is given in [S]: a finite group G is k- 
admissible if and only if there exists a finite Galois extension L/k with 
Galois group isomorphic to G such that for every prime I dividing the 
order of G, G(L,/k,) contains a Sylow I-subgroup of G for at least two dif- 
ferent primes v of k, where k,, L, are the completions of k and L at u, 
respectively. In [S] it is proved that for every finite group G there exists an 
algebraic number field k such that G is k-admissible. In the case of global 
fields of characteristic zero most investigations have been made for 
admissibility of finite groups over Q, the field of rational numbers (see 
[ 1 l] and the references cited there). In the work of Fein and Schacher [4] 
“Property A” is defined as follows: given a field k and a finite group G, the 
pair (k, G) has “Property A” if every division algebra with center k and 
index equal to the order of G contains a maximal subfield which is a Galois 
extension of k with the Galois group isomorphic to G. In their work a 
necessary and sufficient condition is given for a pair (k, G) to satisfy the 
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“Property A” in the case when k is a global field of characteristic prime to 
the order of G. In the case when the characteristic divides the order of G 
only a necessary condition is given. Sonn proved in [lo] that the necessary 
condition is also sufficient. 
The above quoted criterion of Schacher shows that in order to prove k- 
admissibility of a group G we have to realize G over k so that prescribed 
local conditions at a finite number of primes of k are satisfied. Realizations 
with prescribed local conditions at a finite number of primes are naturally 
connected to the so-called embedding problems with prescribed local con- 
ditions at a finite number of primes defined according to Neukirch [7]. 
Let ,6 be the separable closure of k. We denote by G, the absolute Galois 
group of k. Let K/k be a ‘finite Galois extension with Galois group G(K/k). 
Then a diagram 
Gk 
I 
res 
1-A-E ’ +G(K/k)-1, (El 
where the lower sequence is a short exact sequence of finite groups and 
res: G, + G(K/k) the restriction map res (E/K), is called an embedding 
problem. Gk, with the Krull topology, is a prolinite group. On the set of 
continuous homomophisms $: Gk + E satisfying j 0 II/ = res we define an 
equivalence relation as follows: II/-$’ iff there exists a EA such that 
Il/‘(rr) = arl/(a)a ~ ’ for each g E Gk. We denote by [$] the equivalence class 
with representative $. An equivalence class [I$] is called a solution of the 
embedding problem (E). In the case when + is an epimorphism, [y?] is 
called a surjectiue solution. If L is the fixed field of the kernel of $, then L/k 
is a Galois extension containing K and L does not depend on the choice of 
a representative of [$I. Such a field L is called a solution field of (E). It is 
easily verified that there exists a monomorphism 4: G(L/k) + E such that 
j 0 4 = res (L/K). Conversely, if F/k is a Galois extension containing K and 
4’: G(F/k) -+ E a monomorphism such that j 0 4’ = res (F/K), then the 
embedding problem (E) has a solution with solution field F. Note that if 
[$I is a surjective solution of (E), then the corresponding 
monomorphism 4 is an isomorphism. 
For each prime v of k we fix a k-embedding of E into the separable 
closure k”, of k,, where k, is the completion of k at U. In cases where we 
need special k-embeddings we will indicate this explicitly. Note that a k- 
embedding of ,& into k”, determines a unique extension of v to E. If M is a 
finite separable xtension of k, then the composite Mk, is the completion of 
M at the extension of v to M corresponding to the k-embedding of & into 
E,. This completion of M we denote by M,. In the case when M/k is a 
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finite Galois extension we have a natural embedding of G(M,/k,) into 
G(M/k). As usual, we identify G(M&) with its image in G(M/k), which is 
equal to the decomposition group of the prime above v. Then the global 
embedding problem (E) induces a local one 
res 
l--A-E,& 
I 
WLIkJ - 1 
(Ed 
for each prime u of k, where Gk, is the absolute Galois group of k,, 
E,=j-‘(G(K,/k,)), and j, is the restriction ofj to E,. The definition of a 
solution of a local embedding problem is analogous to that of a global one. 
Let [II/] be a solution of(E), then [J/,1 is a solution of (E,) for each prime 
u of k, where tiU is the restriction of $ to G,+. [$,I is called the local com- 
ponent of [11/l at u. If L is the solution field corresponding to [I,+], then the 
composite Lk, is the solution field corresponding to [I++“] and as was men- 
tioned above is the completion of L at the prime above u. 
Let S be a finite set of primes of k and [II/,] a solution of (E,) for each 
u E S. Then the embedding problem (E) together with the set { [I/,] }UES is 
called an embedding problem with prescribed local conditions and is denoted 
by((E), { [$,]}v,s). A solution of this embedding problem, by definition, is 
a solution of (E) such that its local component at u is equal to [$,I for 
each u E S. 
In this work we will need to solve embedding problems with prescribed 
local conditions where A is an abelian group. Therefore suppose that the A 
which appears in the embedding problem (E) is an abelian group. 
Neukirch in [7] gives sufficient conditions for the embedding problem 
((E), { [$v]}DEs) (S a finite set) to have a solution in the case when k is an 
algebraic number field. Analogous theorems, with suitable modifications, 
can be proved in the case when k is a global field of characteristic different 
from 0, i.e., a function field in one variable over a finite field. 
The following important result is a consequence of Korollar (2.5) (p. 69) 
and Beispiel (pp. 69-70) of [ 71. 
THEOREM (0.1). Let k be a global field and S a finite set of primes of k. 
If the embedding problem (E) has a solution and the canonical map of 
cohomology groups 
is surjectiue, then the embedding problem ((E), { [ $“] } U E s) has a solution. 
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From now on in this introduction we assume that k is a function field in 
one variable over a finite field and char (k) is prime to the order of A. We 
shall write H’(k, A), H’(k,, A), respectively, instead of H1(Gk, A), 
H’(Gk,, A). Let 
be the canonical map and d(k, A, S) the group 
d(k, A, S) = n H’(k,, Al/h (p,). DES 
Denote by p the group of roots of unity in E. An action of Gk on 
A’ = Horn (A, 11) is defined as follows: 
S”(a) = af(a- ‘a) 
for each f E A’, o E Gk, and a E A. Then A’ becomes a G,-module which is 
called the dual module of A. The action of Gk on A’ induces an action of 
Gk, on A’ for each prime u of k. Let 
p’: H’(k, A’) + n H’(k,, A’) 
p:: H’(k, A’) --, n H’(k,, A’) 
u$S 
be the canonical maps and V(k, A’, S) the group defined by 
V(k, A’, S) = Ker (P:)/Ker (p’). 
Using the duality theorems of Tate and Poitou [7, Satz (4.1) p. 75, 
Satz (4.2) p. 761 Neukirch has proved that the canonical pairing 
d(k, A, S) x V(k, A’, S) --f Q/Z 
is nondegenerate in the case when k is an algebraic number field [7, 
Satz (4.4), p. 771. Since the duality theorems of Tate and Poitou are valid 
under our assumptions on k and A [12], the above pairing is non- 
degenerate in the case when k is a global field of finite characteristic. In 
special cases the group V(k, A’, S) can be calculated. We follow Neukirch 
[7] in calculating the group V(k, A’, S). For this purpose we define 
348 LEONID STERN 
Since A’ is a finite G,-module, G,(A’) is an open normal subgroup of G,. 
Denote by k(A’) the fixed field of G,(A’); then k(A’)/k is a finite Galois 
extension whose Galois group is denoted by G’. It is easily verified that A’ 
is a G’-module, where the action of G’ on A’ is induced by the action of Gk 
on A’. In order to calculate V(k, A’, S) we need the following definition: let 
G be any finite group and M a finite G-module; then we define 
where (g) is the cyclic group generated by g. Using Chebotarev’s density 
theorem Neukirch has proved that there exists an injective map 
V(k, A’, S) -+ n r(G;, A’) 
vcs 
where CL is the decomposition group of v in G’ [7, Satz (6.3), p. 881. Since 
Chebotarev’s density theorem is valid for function fields in one variable 
over finite fields [13, Theorem 12, p. 2891, the above map is injective when 
k is a function field. In the cases when T(Gk, A’) = 0 for each v E S, we have 
V(k, A’, S) = 0 and so A(k, A, S) =O. Therefore we can reformulate 
Neukirch’s Korollar (6.4) [7, p. 901 as follows. 
THEOREM (0.2). Let k be a function field in one variable over a finite 
field, A afinite G,-module such that (IAl, char (k)) = 1. Let S be a finite set 
of primes of k. The canonical map 
ff’(k A)+ n H’(k,, A) VES 
is surjective in each of the following cases: 
(a) T(Gk, A’)=Ofor each VES; 
(b) for each v E S, GI is either a cyclic group or a semidirect product of 
two cyclic groups of relatively prime orders; 
(c) H’(G’, A’) = 0; 
(d) IG’( =l.c.m. {IG:l:u$S); 
(e) A is a cyclic group of odd order; 
(f) the action of Gk on A is trivial. 
From Theorems (0.1) and (0.2) we obtain the following important result 
(the analogous result in [7] for algebraic number fields is Theorem (6.6), 
p. 92). 
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THEOREM (0.3). Let k be a function field in one variable over a finite 
field and (E) a global embedding problem with A abelian of order prime to 
char (k). Let S be a finite set of primes of k and suppose that we are given a 
solution [$I,] of the local embedding problem (E,) for each v E S. 
Zf the embedding problem (E) has a solution, then the embedding problem 
((El> 1 [$“I Ls) h as a surjective solution in each one of the cases (a)(f) of 
Theorem (0.2). 
In our work we will use the previous theorem and the following con- 
sequence of it. 
THEOREM (0.4) (Grunwald-Hasse-Wang). Let k be a function field in 
one variable over a finite field and A a finite abelian group of order prime to 
char (k). Suppose that we are given a finite set S of primes of k andfor each 
v E S L”/k, is a finite Galois extension with Galois group isomorphic to a sub- 
group of A. Then there exists a finite Galois extension L/k with Galois group 
isomorphic to A such that L, = L” for each v E S. 
Remark. Theorem (0.4) is a well known result in the case when A is a 
cyclic group [2], without the assumption that JAI is prime to char (k). It 
follows from [ 10, Corollary, p. 6091 that Theorem (0.4) is true in the case 
when A is a finite abelian p-group and char (k) =p. Therefore the condition 
(IAl, char (k)) = 1 can be omitted in Theorem (0.4). 
It is advantageous ometimes to replace the notion of k-admissibility by 
the notion of strong k-admissibility: we say that a finite group G is strongly 
k-admissible if for every positive integer n prime to the characteristic of k 
there exists a Galois extension L/k such that G is k-admissible by means of 
L and L n k(pL,) = k, where p, is the group of nth roots of unity. 
Let k be a function field in one variable over a finite field and suppose 
that the characteristic of k is equal to the prime integerp. In the first sec- 
tion we prove a reduction theorem: let E be a finite group with normal 
Sylow p-subgroup P. If the factor group E/P is strongly k-admissible (k- 
admissible), then E is strongly k-admissible (k-admissible). In the second 
section a necessary condition is given for a group to be k-admissible. Two 
of the theorems proved in that section can be stated as follows. Let G be a 
finite metacyclic group, i.e., an extension of a cyclic group by a cyclic 
group, generated by x, y satisfying xyx ’ = y’. Suppose that the order of y 
is equal to np”, where n is prime to p. If t is equal to a power of q modulo n, 
then the group G is strongly k-admissible, where q is the number of 
elements in the maximal constant subfield of k. The second theorem is an 
immediate consequence of the previous theorem and the reduction 
theorem: let E be a finite group with normal Sylow p-subgroup P. If the 
factor group E/P is a metacyclic group generated by x, y satisfying 
XYX ~’ = yy” (q is the same number as in the previous theorem), then E is 
strongly k-admissible. 
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From now on we will always assume that k is a function field in one 
variable over a finite field, char (k) =p, and the number of elements in the 
maximal constant subfield of k is equal to q. pn is the group of nth roots of 
unity, [, is a primitive nth root of unity, and (a) is the cyclic group 
generated by a. 
1. A REDUCTION THEOREM FOR k-ADMIssIBILITY 
We begin this section with some known results about free pro-p-groups 
of finite rank (see, for instance, [9, Sect. 41 or [ 10, Sect. 21). Let F be a 
free pro-p-group of rank r < co. We define a descending p-central series 
{F,} by induction setting F, = F and F,, r to be the closed subgroup of F, 
generated by the pth powers of elements of F,, and commutators of 
elements of F,, with elements of F. Each F,, is a characteristic subgroup of 
F, I”“) = F/F,, is a finite p-group, and F,,/F,, + 1 an elementary abelian group. 
Let H’(X) = H’(X, Z/pi?) denote the ith cohomology group of a group X 
with coefficients in Z/p& where the action of X on Z/pZ is trivial. To the 
short exact sequence 
corresponds the following Hochschild-Serre exact cohomology sequence 
0 - H’(ffn’) - H’(F) - H’(F,J”A H’(F’“‘) 2 H’(F), 
where tg denotes the transgression map. Since F is a free pro-p-group, it 
follows that H’(F) = 0 and therefore tg is surjective. Consider now the 
short exact sequence 
and the corresponding Hochschild-Serre sequence 
0 + H’(P)) + Hl(F(“+l)) + H’(F,/F,+ ,y 
a’ ) fp(j-9 Inf , jp(p+I)). 
H’(F,)’ is the group of F-homomorphisms of F,, into Z/pE and 
H’(F,JF,, + l)F is the group of F-homomorphisms of F,,/F,, + , into Z/pi?. 
Then it can be easily verified that the canonical map 
H’(F,,/F,,+ ,)F+ H’(Fn)F is an isomorphism. Since the composition of tg 
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with the above isomorphism is equal to tg’, it follows that tg’ is surjective, 
and therefore we obtain the following lemma. 
LEMMA (1.1). For each n Inf: H’(F’“‘) + II*(F@+l)) is the zero map. 
Let G be a finite group and M a G-module. The action of G on M is 
called regular, and A4 is called G-regular (or G-induced) if there is a sub- 
group N of A4 such that M = @ {A? a E G}, where @ denotes direct sum 
and N” is the image of N under a. By a pro-p-group F with a finite group of 
operators G we mean a pro-p-group with operators for which the following 
conditions are satisfied: 
(a) (a,a,)g=aga;, a,,azEF, gEG. 
(b) (ag)h=agh, aeF, g, hEG. 
(c) If lim,, 3c a,=a, then lim,,,a,g =aR, a,,EF, gEG. 
LEMMA (1.2). Let F he a free pro-p-group with a finite group of 
operators G. Suppose that the rank of F is equal to m\GI, where m is a 
positive integer and ICI is the order of G. If the induced action of G on F/F2 
is regular, then every finite p-group P of rank m with the group of operators 
G is the operator-homomorphic image of F. 
Proof Consider F/F, as a linear space over the field Zjpiz. Since the 
action of G on F/F2 is regular, it follows that there exist x,, x2,..., x, in F 
such that (2; : i = l,..., m, a E G} is a basis of F/F,. Since the rank of P is 
equal to m, it follows that there exist yl,..., y, in P such that 
{Ji: i= l,..., m} is a basis of PIP, (P2 defined in the same way as F2). It 
follows that the mapping xgtiy: (i = l,..., m, a E G) can be extended to a 
homomorphism of F onto P. But this homomorphism is an operator 
homomorphism, so P is the operator-homomorphic image of F. 
In the proof of the following reduction theorem we use some of the ideas 
that first appeared in [lo]. 
THEOREM (1.3). Let k he a global field of finite churacteristicp. Let E 
he a finite group with normal Sylow p-subgroup P. If the factor group E/P 
is strongly k-admissible (k-admissible), then E is strongly k-admissible 
(k-admissible). 
Proof Let E/P be strongly k-admissible and r a positive integer prime 
to p. Then there exists a Galois extension K/k such that E/P is k-admissible 
by means of K and Kn k(p,) = k. Suppose that the rank of P is equal to m. 
We denote by G the Galois group G(K/k) and by F a free pro-p-group of 
rank m(GI. Let (F,,} be the p-central series of F. Let vl, v2 be two different 
primes of k which split completely in K. The existence of such primes 
481:100,2-4 
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follows, for instance, from Chebotarev’s density theorem [13, Theorem 12, 
p. 2891. We construct by induction a tower of lields K= L, E L, z . . . E 
L”C ... for which the following conditions are satisfied: 
(a) L,/k is a Galois extension. 
(b) G(L,/K) g F(“). 
(c) (L,:K)=(L,,:K,) for each UE{V~,Q}. 
(d) L,,,/K, is totally ramified for each u E {uI, Q}. 
From now on in the proof of the theorem u denotes any of u,, u2. First 
we construct Lz. Since the Galois group of the maximal p-extension of K, 
is a free pro-p-group of infinite rank, it follows that there exists a totally 
ramified Galois extension L;/Ko with Galois group isomorphic to the 
elementary abelian group of rank m/GJ. By Artin-Schreier theory [2, p. 221 
to L; corresponds a unique subspace of the space K,/.?J’(K,) over the field 
Z/p& where 9(x) = xp-x is an additive operator of K,. Let 
(y;,,(o)+P(K,): i= l,..., m, e E G} be a basis of this subspace. For each 
i = l,..., m and e E G, there exists an element zi(e) E K such that z,(e) is 
close to JJ,,+(Q) for each u E (0, , u,}, by the Approximation Theorem [ 1, 
p. lo]. Let E > 0 and ig (l,..., m} be arbitrary numbers. It follows from 
the Approximation Theorem that there exists X,E K such that 
lx;- ~-‘(zi(m-~(“~) <E for each d E G, where u’ is a suitable prime of K 
above u for each u E {u ,, Q}. It follows that Ia - zi(g)lVj CF. Therefore 
a(~,) is close to ~i,J~) for each i= l,..., m, g E G, and u E {u,, uz}. It follows 
from Hensel’s lemma [ 14, p. 451 that P(K,) contains the maximal ideal of 
the integers of K, and therefore a(~,) -y,,,(a) modulo CP(K,) for each i and 
(T. Hence the subspace A/P(K) of K/P(K) spanned by {a(xj)+Y(K): 
i= I,..., m, 0~ G} has the dimension equal to m/G1 and the natural action 
of G on A/P(K) is regular. Let L, = K(9-‘(A)), where P”(A) is the sub- 
set of all elements x in the separable closure of k such that P(x) E A. Since 
L,, = L; for each u E {u,, u,}, it follows that L, satisfies the conditions 
(a)-(d). Let G(L,/K) /i denote the character group Horn (G(L,/K), Z/pZ), 
where B/pi2 is the additive group of the prime field. Then we have a com- 
mutative diagram of isomorphisms 
<tT1(A)/K ’ ) G(L,/K) h 
4+ I I 
P 
Alp(K) A G&/K), 
where $ is induced by 8, #(a + K)(z) = CI - r(a) for each CI E PP ‘(A), and 
t E G(L,/K). The homomorphisms @ and !P will be defined later in the 
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proof of the theorem. The action of G on G(L,/K) is given by the splitting 
group extension 
1 + G&/K) -+ G(L,/k) ---f G(K/k) + 1 
and by Or = CJVJ -’ for each c E G(K/k) and z E G(L,/K). The action of G on 
G(L,/K) induces an action ofG on G(L,/K)": (q)(z)=~(o-‘zo) for each 
t E G(L,/K), where c E G and x E G(L,/K) A . It is easily verified that 4 0 $ -’ 
is a G-isomorphism. Let { x~,~: i = l,..., m, (I E G} be a basis of G( LJK) A 
corresponding to the basis {g(xi) + 9'(K)} of A/Y(K). Let ~~(0) E G(L,/K) 
be the unique solution of the system of equations x,Jx) = 1 and x,,,(x) = 0 
if ,j # i or r # (T. Then Y is defined by the mapping xi,U H s,(a). Note that 
oxi,r = xi,or for each i and 6, z E G. On the other hand ~,J’s,(o)) 
= &Jzs,(a)z-‘) = (7 l xj,,)(si(o)) = I~,~- I,(s;((T)). Therefore 
x,,u(‘si(~)) = 1 ifj=iandu=ta 
=o otherwise. 
It follows that ‘S;(U) = s,(za) and hence Y is a G-isomorphism. Define @ to 
be equal to Yod 0 + -‘. Then @ is a G-isomorphism. We have proved 
therefore that the action of G on G(L,/K) is regular. 
Suppose that L,_ , (n 2 3) satisfying (a)-(d) has been constructed. Let k 
be the maximal p-extension of K. Then the Galois group G(@K) is a free 
pro-p-group and in particular the second cohomology group of G(&K) 
with coefficients in Z/pZ is equal to 0. Consider an embedding problem 
G(glK) 
I 
res (F'"') 
l- F,-JF,,- F("' j *G(L,_,/K)- 1. 
The action of G(L,_ JK) on the elementary abelian group F,- ,/F,, is 
trivial. Therefore the action of G(@K) on F,- ,/F,, induced by the action of 
G(L,-JK) on F,, _ ,/F,, is also trivial. Hence H'(G(@K), F,-JF,,) =0 and 
therefore it follows from Theorem 1.1 [6] that the embedding problem 
(F’“‘) has a solution, say, [$‘I. Since Kerj= F,- ,/F,, is contained in the 
Frattini subgroup of P), it follows that $’ is surjective. Indeed, 
$'(G(@K))(F'"')* ?II/(G(@K)) Kerj= F’“‘, therefore II/‘(G(k/IK)) = fin) 
((F'"')* is the Frattini subgroup of fin’). Let L, be the solution field 
corresponding to [$‘I. Similarly it can be shown that the local component 
of [+‘I at u is surjective. Therefore (L,: K) = (L,,: K,). We will show that 
L,,/K, is totally ramified. Let T be the maximal unramified subfield of 
L,,ILnm. lU. Then G(T/K,) is isomorphic to the direct product of 
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G(L, _ JKu) with G( T/L, ~ IV). Since G( T/L, _ ,“) is contained in the Frat- 
tini subgroup of G(T/K,), it follows that G(T/K,) is isomorphic to 
G(L, _ ,JK,). Therefore T = L, _ IV and L,,/K, is totally ramified. Thus L, 
satisfies the conditions (b), (c), and (d). Suppose that L, is not Galois over 
k. Set L; equal to the composite of the conjugates of L, over k. Then the 
Galois group of the extension LL/L,- 1 is an elementary abehan p-group 
and it is contained in the center of G(LA/K). Therefore there exists a Galois 
extension M/K such that M n L, = L,_ 1 and ML,, = Lj,. Consider the 
following commutative diagrams: 
1 - WG’U - G(L:/K) - G(LIK) -----,I (1) 
I i I 
1 d G(M/L,_,)- G(MIK) - G(L - I/K) - 1. (2) 
We will show that the short exact sequence (1) splits. Note that the exten- 
sions (1) and (2) are central and the groups G(LL/L,), G(M/L,_ 1) are 
elementary abelian groups of the same rank. Let s be the rank of these 
groups. Then the diagram 
H2(G(L,- ,/K:), G(WL- L)) - H*WL/K), G(GILJ) (3) 
” 
I i 
” 
fi H2(l+-l), Z/pZ) - fi H2(F”), H/pH) (4) 
;= 1 1=l 
is commutative, where the actions of groups on modules are trivial. It 
follows from Lemma (1.1) that (4) is the zero map, so (3) is also the zero 
map. Since the element of H2(G(L,- JK), G(M/L,_ 1)) corresponding to 
the short exact sequence (2) is mapped by (3) to the element of 
H2(G(L,/K), G(LL/L,)) corresponding to the short exact sequence (1) it 
follows that (1) splits. Therefore there exists a Galois extension K/K such 
that R n L, = K and KL, = LL. Denote by H = G(L,/K), H’ = G(Lk,JK) 
and consider p-central series of H and H’, setting H, = H and H’, = H’. 
Since the Galois group of K/K is an elementary abelian group, it follows 
that H2 is contained in G(Li/K’) and hence Hi n G(LA/L,) = 1 for i 3 2. 
The restriction map from G(LL/K) onto G(L,/K) yields a homomorphism 
from H; onto Hi for each i 3 1. Since H( n G(LL/L,) = 1 (i 2 2), it follows 
that the homomorphism from HI onto Hi is an isomorphism for each i> 2. 
Note that H,- , = G(L,/L,_ ,) and H, = 1. Let M’ be the fixed field of 
HI, _ r. Since K’ 5 M’ and res (L;/L,) is an isomorphism from H”-, onto 
Hn-19 it follows L, _, K’ G M’ and (L; : M’) = (L, : L, _ 1), and hence 
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M’ = L,- I K’. Therefore G(LA/L,- i K’) is a characteristic subgroup of 
G(L;IK). 
Since the order of G(K/k) is prime to p, it follows that the extension 
G(L;/k) of G(K/k) by G(LL/K) splits. Therefore we have an action of 
G(K/k) on G(LL/K). Since L,- Jk is a Galois extension, G(Lk/L,- 1) can be 
considered as a G(K/k)-module and G(Lh/L,, _ I K’) as a submodule. Since p 
is prime to the order of G(K/k), it follows from the theorem on complete 
reducibility [S, p. 2531 that G(Lh/L,-, K) has a complement in 
G(L;/L,- 1). Let Li be the fixed field of the complement, so Li/k is a 
Galois extension and (Lt : K) = (LL: K'). We have L,': n K' s LI: n 
L,-lK’=L,-l, so KcLinK'sL,p,nK'sL,nK'=K and hence 
L; n K’= K. It follows that G( L~/K)~G(L~/K')rG(L,/K)~F'"'. By the 
induction hypothesis G( L, _ ,,/K,) is isomorphic to G( L, ~ ,/K) by means of 
the restriction map. It follows from the commutativity of the diagrams 
G(WKv) - 
where all maps in the diagram are the restriction maps, that the image of 
G(Li,/K,) in G(Li/K) is mapped onto G(L,/K). Therefore by Burnsides’ 
Basis Theorem it contains generators of G(Lz/K). Hence the groups 
G(L,"/K) and G(Lt,/K,) are isomorphic and in particular (LI: : K) = 
(L$,: K,). The proof of the fact that LZJK, is a totally ramified extension is 
similar to that of L,,/K,. 
Thus there exists a tower of fields K = L, c L, s . . . s L, 5. . . . satisfying 
the conditions (a)-(d) and the action of G(K/k) on G(L,/K) is regular. Let 
2 = lJ,“= i L,, so 2 is Galois over k and G(E/K) EY l&r,, fl” z F. An action 
of G(K/k) on P is given by the splitting short exact sequence 
l+P+E+G(K/k)+l. 
It follows from Lemma (1.2) that there exists a G(K/k)-homomorphism 
from G(L/K) onto P. Let L be the fixed field of the kernel of this 
homomorphism, so L is Galois over k and G(L/k) is isomorphic to E. Let 
n be a positive integer such that L G L,. Then for each u E {vi, v2} we have 
(L,,:K,)=(L,,:L,)(L,:K,)<(L,:L)(L:K)=(L,:K). 
But (L,, : K,) = (L, : K), therefore (L, : K,) = (L: K). To complete the proof 
of the theorem, it remains to show that L n k(pL,) = k. Let k' denote the 
intersection Ln k(,u,). For any u E {ul, v,}, (Kk'),/K, is an unramified 
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extension contained in L,. Since LO/K, is totally ramified, it follows that 
(Kk’), = K,. On the other hand 
(L,: K,) = (L,: (Kk’),)((Kk’),: K,) < (L: Kk’)(Kk’: K) = (L: K), 
hence ((Kk’),: K,) = (Kk’: K). It follows k’ c K. But Kn k(p,) = k, therefore 
k’= k. The proof of the fact that k-admissibility of E/P yields k- 
admissibility of E is similar to the above proof. The proof is complete. 
2. ON THE k-ADMISSIBILITY OF FINITE GROUPS 
DEFINITION. A finite group G is called metacyclic if G has a normal sub- 
group N such that N and G/N are cyclic. 
LEMMA (2.1). Let G be afinite l-group (1 is a prime integer) and I#p. If 
G is k-admissible, then G is a metacyclic group generated by two elements x, 
y such that xyx - ’ = y’ and t is equal to a power of q module 
jyl/l(x)n(y)l, where lyJ is the order ofy. 
ProoJ: Suppose that G is k-admissible by means of a Galois extension 
K/k and let v be a prime of k such that Gz G(K,/k,). Denote by 
k, E TS K, the maximal unramified subextension of K, over k,. Since 1 is 
prime to the characteristic of k, it follows that Ku/k, is tamely ramilied. Let 
s be the degree of extension KJT (s is equal to a power of I). Ku/T is totally 
and tamely ramified, therefore K, is obtained by adjoining to T a prime 
element of T to the power l/s [14]. Since Ku/T is a Galois extension, it 
follows that CL, is contained in T. The Galois group of the extension k(pL,)/k 
is a cyclic group generated by a k-automorphism of k(pS) which maps <, to 
cr. Therefore there exist a positive integer m and a generator of the Galois 
group of k&)/k, which maps [, to c, to the power 4”‘. Since G(T/k,) is a 
cyclic l-group, it follows that each generator of the Galois group of 
k,(pS)/k, can be lifted to a generator of G(T/k,). Therefore there exists a 
generator of G(T/k,) which maps [, to i, to the power q”‘. G(K,/T) is 
cyclic, therefore G(K,/k,) is a metacyclic group. Let r be any generator of 
G(K,/T) and q E G(K,/k,) such that (z)(u) = G(K,/k,). Let F be the fixed 
field of (q). Since F/k, is an extension of degree equal to a power of 1 and 
Fn T= k,, it follows that F/k, is totally and tamely ramified. Let r be the 
degree of F/k, (r is a power of 1). Then there exists a prime element n of k, 
such that F= k,(x’/‘). It is clear that there exists a generator of G( TF/F) 
which maps [, to [, to the power 9”‘. Since G(K,/F) is a cyclic l-group, it 
follows that there exists a generator 0 of G(KJF) such that a({,) is equal to 
c, to the power qm. We have G(K,/k,) = (r)(a). Suppose that azu-’ = t’, 
ADMISSIBILITY OF FINITE GROUPS 357 
where t is a positive integer prime to 1. There exists a positive integer n such 
that z(x”‘)= n”‘~;. Since the restriction of z to TF is a generator of 
G(TF/T) and the order of this group is equal to r, it follows that n is prime 
to 1. It can be easily verified that CJZO - ‘(rc”‘) is equal to 7~“’ multiplied by 
<, to the power sn q”/r and z’(z”‘) is equal to rcllr multiplied by i, to the 
power sn t/r. Therefore sn q”/r is equal to sn t/r modulo s. Note that r 
divides s, so t is equal to qm modulo r. But r= Itl/l(a)n (z)l and 
GE G(K,/k,). Therefore the proof is complete. 
As a consequence of Lemma (2.1) we obtain the following necessary con- 
dition for a finite group to be k-admissible. 
THEOREM (2.2). Let G be a finite k-admissible group and P a Sylow l- 
subgroup of G with I # p. Then P is a metacyclic group generated by two 
elements x, y such that xyx-’ = yr and t is equal to a power of q modulo 
1 yI/I (x) n (y)(, where I y( is the order of y. 
Proof Let G be k-admissible by means of a Galois extension K/k. 
Denote by F the fixed field of P. Then P is F-admissible (see the criterion of 
Schacher formulated in the beginning of the introduction). Since the num- 
ber of elements in the maximal constant subfield of F is equal to a power of 
q, it follows from Lemma (2.1) that the conditions stated in the theorem for 
P are satisfied. The proof is complete. 
It follows from Theorem (2.2) that there are finite groups which are not 
admissible over any global field of finite characteristic. For instance, any 
finite group containing two nonisomorphic Sylow subgroups which are not 
metacyclic is not admissible over any global field of finite characteristic. 
Moreover, consider the family of all finite groups G satisfying the con- 
dition: for each prime 1 dividing the order of G, except possibly one of 
them, Sylow l-subgroups of G are metacyclic. The following example shows 
that there are groups in this family which are not admissible over any 
global field of finite characteristic: G = D, x P (the direct product of two 
groups), where D, = (x, y/x2 = y4 = 1, xyx -’ = y3 ) is the dihedral group of 
order 8 and P is a finite l-group (1 is a prime integer) which is not 
metacyclic and 1~ 1 (mod 4). 
LEMMA (2.3). If a finite group G is (strongly) k-admissible, then so is 
every homomorphic image of G [3, Proposition (2.2)]. 
Proof Let n be a positive integer and I a prime number. We denote by 
n, the largest power of 1 dividing n. Since G is k-admissible, it follows that 
there exists a Galois extension L/k with Galois group isomorphic to G such 
that for each prime number 1 dividing the order of G there exist two distinct 
primes ui= ~~(1) (i= 1, 2) of k such that IG(,= (L,,: k,),. Letj G + H be an 
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epimorphism with kernel N. Let kc KG L be the fixed field of N. Then for 
each prime number I dividing the order of H we have 
IGl, = (Lo,: k,), = (Lo,: K,MK,: k,)r 
<(L: K),(K: k),= (L: k),= lG[, (i= 1, 2). 
Hence IHI, = (K: k), = (KU, : k,,)/ for each i = 1, 2. The proof is complete. 
LEMMA (2.4). Every finite cyclic group is strongly k-admissible. 
Proof: Let C be a finite cyclic group. Suppose that the order of C is 
equal to mp”, where m is prime to p. Let n be an arbitrary positive integer 
prime to p. It follows from Chebotarev’s density theorem that there exist an 
infinite number of primes of k which split completely in k(,un). Let v, , v2 be 
two different primes of k that split completely in k(pn). Let F/k, be the 
unramitied extension of degree m, where v E { vl, vz). It follows from 
Theorem (0.4) that there exists a cyclic extension T/k of degree m such that 
T, = 7” for each v E { vl, vz}. Let k’ denote the intersection Tn k(p,). Then 
for each VE {vl, v2} 
(T,:k,)=(T,:k:)(k::k,)Q(T:k’)(k’:k)=(T:k). 
Since (T: k) = (T,: k,), it follows that (k’: k) = (k:: k,). But v splits com- 
pletely in k(pJ, therefore k: = k,. Hence Tn k(,u,) = k. Thus we have 
proved that the factor group of C by the Sylow p-subgroup is strongly k- 
admissible. It follows from Theorem (1.3) that C is strongly k-admissible. 
THEOREM (2.5). Let G be a finite metacyclic group generated by x, y 
satisfying xyx . -’ = y’ Suppose that the order of y is equal to np”, where n is 
prime to p. If t is equal to a power of q modulo n, then G is strongly k- 
admissible. 
ProoJ Let the order of x be equal to mp’, where m is prime to p. Then 
the group G is a homomorphic image of the semidirect product of two 
cyclic groups given by 
(x,y(x”p’=yn@=l,xyx-l=yf). 
It follows from Lemma (2.3) that in order to prove the strong k- 
admissibility of G it is enough to prove that the above semidirect product is 
strongly k-admissible. Changing notation, let G be this semidirect product. 
The semidirect product ( y”) ( x”’ ) is a Sylow p-subgroup of G which is 
denoted by P. Let x’ = xp’, then P(x’) is a subgroup of G. By Lemma (2.4) 
(x’) is strongly k-admissible, so it follows from Theorem (1.3) that P(x’) 
is strongly k-admissible. 
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We want to prove in this theorem that G is strongly k-admissible. Let d 
be any positive integer prime to p and set r = 1.c.m. {d, n}. There exists a 
Galois extension K/k such that P(x’) is k-admissible by means of K and 
Kn k(pu,) = k. Let y’ = yfl. Then we obtain the splitting short exact 
sequence 
l- (y’)---+ G ’ ) G(K/k)--+ 1. 
We prove now that there exist two different primes of k at which the com- 
pletions of k have Galois extensions with Galois groups isomorphic to the 
semidirect product (y/)(x’). Let (T =j(x’) and k L Fs K be the fixed field 
of the cyclic group generated by cr. Let k E T s K be the fixed field of j( P). 
We have the following diagram of fields: 
K(PJ 
/ \ 
K\F/F(cn) 
T\ k/ k(pL,)* 
Suppose that t is equal to q’ modulo n, where rx is a positive integer. The 
cyclic group G(k(pn)/k) has a generator which maps [,, to i:, so let r be a 
k-automorphism of k(p,J which maps [,, to i,, to the power q? We denote 
by 8 the element of G(K(p,,)/F(pL,)) w h ose restriction to K is equal to c and 
by i the element of G(K(p,,)/K) w h ose restriction to k(p,) is equal to r. It 
follows from Chebotarev’s density theorem that there exist an infinite num- 
ber of primes u of k for which the Frobenius automorphism is equal to E, 
i.e.. 
W4lk [ 1 V’ = Of, 
where v’ is the suitable prime of K(p,) above v. From this infinite set of 
primes we choose any two different primes, say, vi, v2. For each 
v E {vi, v2} we have that To/k, is the unramified extension of degree m and 
K, = T,. We prove now that p,, s T, for each v E {vi, Q}. Let the number 
of elements in the residue class field of k, be equal to q8. By the definition 
of the Frobenius automorphism ES({,) is equal to [,, to the power q8 
modulo v’, where v’ is the suitable prime ideal of K(pL,) above v. Since 
t - qa (mod n), it follows that E(c,) is equal to c,, to the power P’. Now n 
is prime to p, which is the characteristic of the residue class field of the 
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completion of K(pL,) at v’, so t to the power p’ is equal to q8 modulo n. On 
the other hand mp’ is the order of x, so t to the power mp’ is equal to 1 
modulo n. It follows that q Bm = 1 (mod n) and hence .D, E T,. In particular 
we obtain that the completion of K(pL,) at u is equal to T,. Therefore there 
exists a generator of G(TJk,) whose restriction to K(pu,) is equal to 5~. We 
denote this generator by u. Let rc be a prime element in k,. The extension 
k,(n”“)/k, is totally ramified of degree n. Since pL, c T,, it follows that 
TJn”“)/k, is a Galois extension and Tu(nl’“)/Tv is a cyclic extension of 
degree n. Let U be the generator of the cyclic group G( T,(nli”)/k,(zl’n)) 
whose restriction to T, is equal to u and V be the generator of 
G( TJn”“)/T,) satisfying $7~““) = rc’ln[,,. The Galois group of the extension 
T,(n”“)/k, is equal to the semidirect product (V)(U). Using the fact that 
the restriction of U to K(pL,) is equal to CrZ, we obtain that ZlVZ’ is equal to 
V to the power P’. Therefore the Galois group of T,(n”n)/ku is isomorphic 
to the semidirect product ( y’)(x’) for each u E {u,, Q}. We will show 
that K can be embedded in a Galois extension L/k with Galois group 
isomorphic to G and L, = T,(n”“) for each u E (u,, u2}. To solve this global 
embedding problem with prescribed local conditions at the primes u,, u2, 
we use Theorem (0.3) and Theorem (0.2)(b). The global embedding 
problem is given by the splitting short exact sequence 
l- (y’)- G ’ bG(K/k) - 1, 
therefore the induced local embedding problem at each u E {u,, uz} is of the 
form 
l- <y/l- (y’)(x’) i. G(T,/k,) - 1. 
Since j(x’) = 0, it follows that jJ.x’) = u. Let 4: G( T,(n”“)/k,) + (y’) (x’) 
be the natural isomorphism such that &u) =x’ and d(V)= y’, and then 
j, 0 4 = res (T,(n”“)/T,). It follows that the local embedding problem has a 
surjective solution with the solution field T,(n”“) for each u E {u,, u2). Our 
purpose now is to prove that there exists a global surjective solution whose 
local components at the primes u,, u2 are the above solutions of the local 
embedding problems. Let Y denote the cyclic group (y’). The action of G, 
on Y is induced by the action of G(K/k) on Y. Then the action of G, on 
Y’ = Horn (Y, pn) is given by 
fYY’) = Y(f(Y’y-l)) 
for each f E Y’ and y E Gk. Since Y’ is a finite G,-module, 
Gk(Y’)= {y~G~:fY=fforeachf~ Y’} 
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is an open normal subgroup of Gk. We denote by k( Y’) the fixed field of 
Gk( Y’). G(@K(p,)) acts trivially on Y and on pn, therefore it acts trivially 
on Y’. Hence k( Y’) is contained in K&J. Let G:< G(k( Y’)/k) be the 
decomposition group of the suitable prime of k( Y’) above u (u E {ui, u*}). 
For each u E (vi, 02) we have k( Y’), E K(pL,), = T,. Therefore, since TO/k, is 
cyclic, it follows that G: is cyclic. The global embedding problem has a 
solution, for instance, the trivial one. It follows from the theorems in the 
Introduction that the global embedding problem has a desired surjective 
solution. Let L be the solution field corresponding to this solution. It is 
clear that G is k-admissible by means of L. To complete the proof it 
remains to show that Ln k(pd) = k. Denote by k’ the intersection 
Ln k(pLd). Since Kn k(pd) = k, it follows that (Kk’: K) = (k’: k). For each 
u E {u, , u2} we have K, = T, and T,/k, is the maximal unramified subexten- 
sion of L,. It follows that kb s T, and hence (Kk’), = T,: 
n = (L,: T,) = (L,: K,) = (L,,: (Kk’),)((Kk’),,: K,) < (L: Kk’)(Kk’: K) 
=(L: K)=n. 
Therefore ((Kk’),: K,) = (Kk’: K). But (Kk’)C = T, = K,, hence Kk’ = K and 
it follows that k’ = k. The proof is complete. 
The following theorem is an immediate consequence of Theorem (1.3) 
and Theorem (2.5). 
THEOREM (2.6). Let E be a finite group with normal Sylow p-subgroup P. 
If the factor group E/P is a metacyclic group generated by x, y satisfying 
xyx ~ ’ = y” for some positiue integer s, then E is strongly k-admissible. 
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